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DATA FLOW ANALYSIS: A COMPLETE EXAMPLE

Christoph Reichenbach




Example: Reaching Definitions

var x := 0;
var y := 0;
var z := 1;

while x < 5 {
X :=x + 1;
if x >= 2 {
y =7
} else {
zZ =y,

3

return [x, y, z];
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z =1
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return [x, y, z]
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Example: Reachin
var x := 0;
var y := O;
var z := 1;

while x < 5 {
X :=x + 1;
if x >= 2 {
y =7
} else {
zZ =y,

3

return [x, y, z];

g Definitions

x =0
— y =0

z-=§
5

.
e

return [x, y, z]

Reaching Definitions

: What values are possible?
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Example: Reaching Definitions
Designing our abstract domain:

T=Z

N
01
{—3,0}47 N {0,3}
/N <\
(-3} {;{\1}\{0} 1} {2 _ {3

i

» Capture sets of up to 3 possible numbers
» T: More than 3 possible numbers
» 1: () (no possible numbers seen yet)
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Example: Reaching Definitions
Designing our abstract domain:

T:Z

~
- / \ ~
~

{ 76’1} \\\\
- 30}/ 03

{/}{ ?{\/}{} {}\\\{} \{}
-3 -2 —1 0 1 2 3
J_:

» Capture sets of up to 3 possible numbers
» T: More than 3 possible numbers

» 1: () (no possible numbers seen yet)

> Infinitely many elements, but finite height!
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Example: Control-Flow Graph

transy
b inputs X ‘ Yy ‘ Z
bo 1] 0 0|1
by | {bo,b2,b3} | x+1 ]|y |z
by {b1} X [
b3 {b1} X Yy |ly
ba {b07 by, b3} X Y1 “Z
join, = let j = Useinputsb s
in jo= #sS

b, :
Qreturn [x, y, 2] T = #>3
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Example: Computing the Fixpoint

&y

x|y|z
in: B I @ : X ly z
trans: | 0 | 0 | 1 in: 1 1| L
out: L)L trans: | x+1 | | | |
I— out: 1 1L
@ x|y|z / @ \ xX|y|z
in: 1| L] L in: 1| L] L
trans: \l, 7 \l, trans: \L \l, Yy
out: 1| L] L out: 1| L] L
— 7 L
x|y|z
in: 1] L]L TN T
tans: | 1| 1| 4 Inltlallse
out: 1] L)L
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Example: Computing the Fixpoint

&y

<[y 1]
in: N R (E£> X y|z
trans: | 0 | O 1 in: 1 1| L
out: 0|01 trans: | x+1 | | | |
I— out: 1L 4| L
@ X|y |z / @ \ X|y| z
in: 1] L]L in: 1] L] L
trans: \l, 7 \l, trans: \L \l, Yy
out: 1 7 1 out: B I N e
X|Yy |z
in: 1L L
T Transfer (1st)
out: 1| L] L
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Example: Computing the Fixpoint

O
y |z +
in: I I @ NLx ly z
trans: [ 0 | 0 | 1 in: 0 0,7 1
out: 0|0 1 trans: X+1 \L \L
| I— out: | L | L |L
@ x|y|z / @ \I xX|y|z
in: 1| L] L in: 1| L] L
trans: i 7 i trans: i i y
out: | L |7 | L out: | L | L|L

(EE) + "";-J k/::"———————‘—————________———"'—— l_.
i 0,7

Join (1st)

=< —| N
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Example: Computing the Fixpoint

&1
y |z
in: N R (E£> . X l’y z
trans: | 0 | 0 | 1 in: 0 0,7 1
out: 0|01 trans: | X+1 | | ||
I— out: 1 0,7 1
(§§> x|y|z V//// (§5> \& xX|y|z
in: 1| L] L in: 1| L] L
trans: \l, 7 \l, trans: \L \l, Yy
out: 1] 7L out: B I e

@ o — F
i 0,7

Transfer (2nd)
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o

=

wn
O | O X
e
=< =N
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Example: Computing the Fixpoint

&y

X y 4 ¢ v l
in: I I @ X y |z
trans: [ 0 | 0 | 1 in: 0 0,7 1
out: 0|0 1 trans: X+1 \L \L
I— out: 1 0,7 1
in: 1 0,7 1 in: 1 0,7 1
trans: J, 7 J, trans: i ¢ y
out: | L | 7 | L out: | L | L | L
I—
@ N / |—
XYy z
in: 0 0,7 1 :
trans: | || | || JOI" (znd)
out: 0 0,7 1
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Example: Computing the Fixpoint

&y

x|y|z
in: L]l @ lx ly z
trans: | 0 | 0 | 1 in: 0 0,7 1
out: 0|01 trans: | X+1 | | ||
I— out: 1 0,7 1
@ x|y |z / @ \x y z
in: 1 0,7 1 in: 1 0,7 1
trans: \l, 7 J/ trans: \[, J, y
out: 1 7 1 out: 1 0,7 0,7
i o
x|y |z
T A Transfer (3rd)
rans: | | | | ]
out: 0 0,7 1
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Example: Computing the Fixpoint

O
o X y z wl« h 4 wl«
in: I I @ X y z
trans: [ 0 | 0 | 1 in: 0,1 0,7 0,1,7
out: 0|0 1 trans: X+1 \L \L
I out: 1 [07] 1
@ x|y |z @ VX y 4
in: 1 0,7 1 in: 1 0,7 1
trans: \L 7 i trans: i i y
out: 1 7 1 out: 110,7]0,7
O -
.4 x
y z
in: 0,1 0,7 071,7 °
T Join (3rd)
out: 0 0,7 1
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Example: Computing the Fixpoint

&y

x|y|z
in: N I N @ lX yl z
trans: | 0 | 0 | 1 in: 0,1 0,7 0,1,7
out: 0|01 trans: | x+1 | | +
I— out: 1,2 0,7 0,1,7
@ x|y |z / @ \x y z
in: 1 0,7 1 in: 1 0,7 1
trans: \l, 7 J/ trans: \[, J, y
out: 1 7 1 out: 1 0,7 0,7
——
X Yy z ’
A Transfer (4th)
trans J { 1
out: 0,1 0,7 0,1,7
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Example: Computing the Fixpoint

O
/ X y 4 ¢ h d l
in: I I @ X y z
trans: | 0 | 0 | 1 in: 0,1 0,7 0,1,7
out: 0|0 1 trans: X+1 \L \L
I— out: 1,2 0,7 0,1,7
in: 1,2 0,7 0,1,7 in: 1,2 0,7 0,1,7
trans: i 7 i trans: \L \L Yy
out: 1 7 1 out: 1 0,7 0,7
@ T / / I_
- x
y z
in: 0,1 0,7 071,7 :
T T Join (4th)
out: 0,1 0,7 0,1,7
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Example: Computing the Fixpoint

&y

x|y]|z 111
in: L)L @ X y z
trans: | 0 | 0 | 1 in: 0,1 0,7 0,1,7
out: 0|01 trans: | x+1 | | +
I— out: 1,2 0,7 0,1,7
in: 1,2 0,7 0,1,7 in: 1,2 0,7 0,1,7
trans i 7 \L trans: i \L Yy
out: 1,2 7 0,1,7 out: 1,2 0,7 0,7
1 7
X y z
in. |0,1]/07][0,1,7
Transfer (5th)
trans J { J
out: 0,1 0,7 0,1,7
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Example: Computing the Fixpoint

&y

X y 4 i v l
in: I I @ X y z
trans: | 0 | 0 | 1 in: 0,1,2 0,7 0,1,7
out: 0|0 1 trans: X+1 \L \L
I— out: 1,2 0,7 0,1,7
in: 1,2 0,7 0,1,7 in: 1,2 0,7 0,1,7
trans: i 7 i trans: \L \L Yy
out: | 12] 7 [01,7 out: | 1,2]0,7] 0,7
I |
@ ~ /
X y z
in: 0,1,210,7]0,1,7 .
e R e Join (5th)
out: 0,1 0,7 0,1,7

15/24



Example: Computing the Fixpoint

&y

x|y|z
in: N I N @ lX i’ z
trans: | 0 | 0 | 1 in: 0,1,2 0,7 0,1,7
out: 0|01 trans: | x+1 | | 4
I— out: 1,2,3 0,7 0,1,7
Oy O
y z X y z
in: 1,2 0,7 0,1,7 in: 1,2 0,7 0,1,7
trans: i 7 \L trans: i \L Yy
out: 1,2 7 0,1,7 out: 1,2 0,7 0,7
I | ]
x y Z e’———‘,,,———————————————————'
v 22 L8R Transfer (6th)
trans 4 4 d
out: |0,1,2]0,7|0,1,7
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Example: Computing the Fixpoint

@ x|y|z

in: I I @ Nl;(v ;L z
trans: [ 0 | 0 | 1 in: 0,1,2 0,7 0,1,7
out: 0|0 1 trans: X+1 \L \L
I— out: 1,2,3 0,7 0,1,7

52/ X y z/@ }I y z

in: | 1,2,3]0,7/0,1,7 in: | 1,2,3]0,70,1,7

trans: i 7 \L trans: \L \L Yy

outt | 12 | 7 0,17 ot | 12 |0,7] 0,7

m  1012]07]017 Join (6th)

outt | 0,1,20,7]0,1,7
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Example: Computing the Fixpoint

&y

oo | %

y|z
1] L @ lx i z
01 i 10,1,2]0,7]0,1,7
0|1 trans: | x+1 | | 4
out: 1,2,3 0,7 0,1,7
< ® \
z X y z
0,1,7| [im [1,23]07]0,1,7
i trans: \L \L Yy
01,7| |ow |123]0,7] 07
[ |

Transfer (7th)
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Example: Computing the Fixpoint

&y

X y 4 i h < l
in: I I @ X y z
trans: | 0 | 0 | 1 in: T 0,7 0,1,7
out: 0|0 1 trans: X+1 \L \L
I— out: 1,2,3 0,7 0,1,7
éﬁ? X y z (§§> X Yy z
1,23]07]01,7 12,3(0,7]0,1,7
trans: i 7 \L trans: \L \L Yy
out: | 1,23 7 [0,1,7 out: | 1,2310,7] 07
I |
@ R /
X y z
in: T 0,7 0,1,7 :
e R 1 Join (7th)
out: |0,1,2|0,7|0,1,7
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Example: Computing the Fixpoint

&y

oo | %

|| | %

y |z
1] L @ lx } z
0 1 in: T 0,7 0,1,7
0|1 trans: | x+1 | | +
out: T 0,7 0,1,7
< ® \
z X y z
0,1,7 in: | 1,2,3 0,7 0,1,7
i trans: \L \L Yy
0,1,7 outt | 123107 07
[

Transfer (8th)
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Example: Computing the Fixpoint

&y

x|y|z 4
in: I @ l;( ;L z
trans: [ 0 | 0 | 1 in: T 0,7 0,1,7
out: 0|0 1 trans: X+1 \L
I ot | T |0,7]01,7
52 X y z/@ }I y z
in: T 0,7 0,1,7 in: T 0,7 0,1,7
trans: i 7 \L trans: \L \L Yy
outt | 123 7 0,17 outt | 123]0,7] 0,7
(§;> B — Z//, L_____—————————"'—’——————— L—-—-—
x|y z
in: T 0,7 0,1,7 .
P — ~L ~L »L JOln (Bth)
out: T 0,7 0,177
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Example: Computing the Fixpoint

&y

x|y]|z 111
in: L)L @ X y z
trans: | 0 | 0 | 1 in: T 0,7 0,1,7
out: 0|01 trans: | x+1 | | +
I— out: T 0,7 0,1,7
in: T 0,7 0,1,7 in: T 0,7 0,1,7
trans: i 7 \L trans: J, \L Yy
out: T 7 0,1,7 out: T 0,7 0,7
1 /7
X y z )
in. | 10,7017
Transfer (9th)
trans: | | 4 4
out: T 0,7 0,1,7
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: Computing the Fixpoint

X y z wlr h 4 l
in: I I @ X y z
trans 001 in: T 0,7 0,1,7
out: 0|01 trans: | x+1 | | +
I— out: T 0,7 0,1,7
/ \
& T BT
. T]07(0,1,7
Fixpoint reached| ",
[out: [ T | 7 | 0,17 [out: | 1707 07
I
@ N ” - l/ I_
in: Tl07/01,7[ .
e B I Join (9th)
out: T 0,7 0,1,7




Example: Conclusion

» Applied abstract domain to three

var x := 0; .

variables
var y := O; _ ) _ _
var z := 1; » Reached fixpoint after 9 iterations

» Return values:

hil <5
while x { X : T (unknown/any)

X :=x + 1;
if x >= 2 { y :0or7
y = T; Z:0orlor7
} else { » Conservative approximation of reality
A
1} y » Once x reached more than 3 values,
algorithm gave up and went to T
return [x, y, zl; » This is only one possible design for this

analysis
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