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Lambda calculus grammars

Concrete grammar

term ::= id | (λ id . term) | (term term)

Haskell representation

data Lambda = Id String
| Abstr String Lambda
| Appl Lambda Lambda

Abstract grammar for Lexp (Nielsen style)

M ::= x | λx .M | M1 M2
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Simplifed concrete syntax

Applications associate to the left

M1 M2 M3 . . . Mn
∆
= (. . . ((M1 M2) M3) . . . Mn)

Abstractions associate to the right

λσ1 . λσ2 . . . . λσn .M
∆
= (λσ1.(λσ2 . (. . . (λσn .M) . . .)))

Abstractions extends as far as possible

λσ .M1 M2 M3 . . . Mn
∆
= λσ.(M1 M2 M3 . . . Mn)
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Free and bound identifiers

F(σ)
∆
= {σ }

F(λσ .M)
∆
= F(M) \ {σ }

F(M1 M2)
∆
= F(M1) ∪ F(M2)

B(σ)
∆
= ∅

B(λσ .M)
∆
= B(M) ∪ {σ }

B(M1 M2)
∆
= B(M1) ∪ B(M2)

I(M)
∆
= F(M) ∪ B(M)
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Combinators

I
∆
= λx . x

K
∆
= λx . λy . x

K∗
∆
= λx . λy . y

S
∆
= λx . λy . λz . xz(yz)
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Substitution . . .

σ[σ 7→ M]
∆
= M

τ [σ 7→ M]
∆
= τ if τ and σ are different identifiers

(M1M2)[σ 7→ M]
∆
= (M1[σ 7→ M])(M2[σ 7→ M])
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. . . Substitution

(λσ .M)[σ 7→ N]
∆
= (λσ .M)

(λτ .M)[σ 7→ N]
∆
= (λτ . (M[σ 7→ N]))

if τ 6= σ ∧ τ 6∈ F(N)

(λτ .M)[σ 7→ N]
∆
= (λυ . ((M[τ 7→ υ])[σ 7→ N]))

if τ 6= σ ∧ τ ∈ F(N) ∧ υ 6∈ I(M) ∪ I(N) ∪ {σ}
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Church-Rosser theorem

Theorem. If M �β N and M �β N ′ where N are N ′

normal forms then N =α N ′. �

Programming Language Theory 2009 F12-8



Fixed point combinator

Theorem. For any combinator F there is a combinator
X such that F X = X . Furthermore, there is a

combinator, Y
∆
= λf .(λx . f (x x))(λx . f (x x)), such that

Y F is a fixed point of F , i.e. Y F = F (Y F ). �
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